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Abstract. The 3-dimensional Mesh-Hartree-Fock-Kohn-Sham (3D-MHFKS) calculation is applied to study
the magnetic (B-) field dependence of the electronic structures of circular-shaped vertical quantum dot
(Q-dot) with electron number (N) in double barrier structure (DBS) and also coupled double Q-dots in
triple barrier structure (TBS). One of the advantageous points of the 3D-MHFKS calculation is that the
strength of coupling between two dots are explicitly evaluated by introducing the realistic barrier in TBS as
a straightforward extension of 3D-MHFKS calculation of the single Q-dot in DBS. The calculated chemical
potentials represented in B–N phase diagram are consistently and systematically discussed by showing the
B-field dependence of the occupied single particle energy levels from the view point how the electronic
states transfer sequentially from Fock-Darwin (FD) to lowest Landau (LL) and from LL to the spin flip
(SF) and from SF to spin-polarized maximum density droplet (MDD) domains as increasing B-field in the
Q-dots.

PACS. 73.20.-r Electron states at surfaces and interfaces

1 Introduction

The electronic properties of well-defined circular-shaped
vertical Q-dot in DBS [1,2] and coupled double Q-dots in
TBS [3,4] have been extensively studied from the view-
point of artificial atom and molecule, respectively. Espe-
cially, the characteristic phase transition measured in the
B–N phase diagram indicates the richness of the electronic
structures in the Q-dots as have been discussed in the the-
oretical works with Hartree-Fock method [5] and density
functional method [6].

To investigate the B-field induced various transitions
of the electronic states measured in single dot in DBS [2]
as well as coupled double Q-dots in TBS [4], the introduc-
tion of the vertical degree of freedom (3D-effect) is indis-
pensable in the theoretical study to obtain the consistent
understanding for the electronic states in the Q-dots.

In the previous work [7], we have presented the frame-
work of the 3D-MHKS-calculation and applied to the stud-
ies of the electronic structures in DBS and also TBS. In the
TBS, it has been pointed out that the calculated chemical
potentials reproduce well the characteristics in the mea-
sured B–N phase diagram for the case of weakly coupled
double Q-dots which has the pairwise sequences coming
from the spin-degeneracy character [3].

In this paper, we apply the 3D-MHFKS calculation to
the strongly coupled double Q-dots as well as single dot
in the wide range of B-field up to 10 T.
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2 3D-MHFKS calculation for Q-dots

To investigate the electronic structures in Q-dots of
N-electron, we adopt the energy functional EHFKS [8]
formulated by Kohn and Sham [9] which is com-
posed of Hartree-Fock energy EHF and correlation en-
ergy Ec[ρα, ρβ ]. In this study, we use the local spin density
functional presented by Vosko and Wilk [10] for the cor-
relation energy.

To linearize the original HFKS-equation obtained by
the variation of the HFKS-energy functional, firstly we
introduce the following Coulomb potential Uσ

ij(r) in local
form

Uσ
ij(r) =

∫
1

|r − r′|ρ
σ
ij(r

′)dr′ (1)

which depends explicitly the single particle wave func-
tions ψσ

i (r) and densities ρσ
ij(r) = ψσ

j
∗(r)ψσ

i (r), then
we can represent the original HFKS equation in local
form [11]

[h(r) + UH(r)]ψσ
i (r) −

Nσ∑
j=1

Uσ
ij(r)ψ

σ
j (r)

+ vσ
c ([ρα, ρβ ], r)ψσ

i (r) = εσi ψ
σ
i (r) (2)

Here h(r) denotes a one-body part of the system
and UH(r) the Hartree term.The fourth one vσ

c ([ρα, ρβ ], r)
shows the spin-dependent local correlation potential.
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Fig. 1. Schematic presentation of model potential in vertical
direction for strongly coupled double dots in TBS. (a) Exper-
imental profile of TBS [3], (b) model potential UZ(z) in the
vertical direction, VB = 100 meV.

When this correlation potential is switched off, equa-
tion (2) becomes to be equivalent with the UHF one.

To obtain the self-consistent solution of the local
form HFKS-equation (2) in 3-D real space mesh method,
we use the Car-Parrinello-like relaxation method and
the Coulomb potentials (1) are obtained by solving the
Poisson equation ∇2

rU
σ
ij(r) = −4πρσ

ij(r) under the proper
boundary conditions. To calculate the kinetic energy in
this 3D-mesh calculation, the finite difference is applied
by using the 9-points in the x and y variables and 7-points
for z variable.

For investigating the electronic structure of Q-dots of
N-electrons including 3-dimensional effect, we use the to-
tal Hamiltonian ĤN for HF-part

ĤN =
N∑

i=1

ĤXY (xi, yi)+
1
2

N∑
i

N∑
j i�=j

e2

ε|ri − rj |+
N∑

i=1

ĤZ(zi)

where ĤXY (x, y) = − �
2

2m∗∇2
xy + UC(x, y) + UB(x, y) is

the usual 2-dimensional Hamiltonian. The confine-
ment potential UC(x, y) = 1

2m
∗ω2(x2 + y2) is used

and the magnetic field effect is represented by
UB(x, y) = 1

2m
∗ ω2

c

4 (x2 + y2)+ωc

2 l̂z + g∗µB
B·S

�
where

ωc = eB
m∗c is cyclotron frequency. In this calculation, we

use the effective mass m∗ = 0.067, the effective g-factor
g∗ = 0.44 and the dielectric constant ε = 12.5.

The vertical degree of freedom in the Q-dots is in-
troduced in ĤZ(z) with potential UZ(z) of square well
form; ĤZ(z) = − �

2

2m∗
∂2

∂z2 + UZ(z). All geometrical factors
in ĤZ(z) are settled to be the almost same scale shown
in references [1,2] as is shown schematically in Figure 1 in
the case of coupled double dots. In the x and y variables,
the 21 mesh points with the mesh spacing of 10 nm is used
for the case of the confinement of �ω = 4 meV and this set
of mash points are used to the other case of the confine-
ment strength by the use of the scaling relation

√
ω.

Fig. 2. N-dependence of addition energies of strongly cou-
pled double dots in TBS by 3D-MHFKS calculation and com-
parison with experimental ones [4] at magnetic field B = 0 T.
Cal.1 is for the confinement potential of N-independent
�ω = 5 meV and Cal.2 for the potential of N-dependent

�ωN = �ω0N
− 1

4 [13], �ω0 = 5 meV, respectively.

3 Electronic structures of strongly coupled
double Q-dots in TBS

The UZ(z) potential which determines the coupling be-
tween two Q-dots in TBS is shown in Figure 1b by com-
paring with experimental profile of Figure 1a [3]. As is
shown in Figure 1, we use the width 6 nm of the bar-
rier which is the same one of the weakly coupled dots for
the convenience of the 3D-mesh in the vertical direction,
but the barrier height VB = 100 meV is used to reproduce
the coupling energy ∆SAS = 3.4 meV deduced from the
measured one [4].

The addition energies obtained by 3D-MHFKS cal-
culation of the strongly coupled double dots in TBS at
magnetic field B = 0 T are shown in Figure 2 compar-
ing with the measured ones [4]. In the case of the con-
finement potential with N -independent �ω = 5 meV, the
calculated addition energies are considerably larger than
measured ones then we use the N -dependent confinement
�ωN = �ω0N

− 1
4 [13]. This N -dependent confinement po-

tential of �ω0 = 5 meV reproduces well in the small elec-
tron number region, but in the region larger than N � 8,
the calculated addition energies are about twice larger
than the measured ones.

To exemplify how the effective mean field obtained
by the 3D-MHFKS calculation develop with increasing
of electron number N , single particle energy levels in
TBS obtained by the calculation are shown in Figure 3
in the case of confinement potential of N -independent
�ω = 5 meV at magnetic field B = 0 T. It can be seen
that the 3D-MHFKS calculation has a considerably large
effect to weaken the strength of the confinement potential,
but it is not enough to reproduce the N -dependent of the
effective confinement potential which are expected from
the N -dependence of the addition energies (see Fig. 2).
From Figure 3, it is also shown how the bond- and anti-
bond states in the 3D-MHFKS calculation develop with
increasing of electron number N .
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Fig. 3. N-dependence of single particle energy levels of
strongly coupled double dots in TBS by 3D-MHFKS calcu-
lation for the case of confinement potential of N-independent
�ω = 5meV at magnetic field B = 0 T. The energy levels are
plotted by the differences from the ground state of each elec-
tron number N . The open circled levels show the occupied ones.
The levels connected with solid lines are for up-spin states and
dotted lines for down-spin states. Symbol B shows bond-states
and A anti-bond-states.

Fig. 4. B–N phase diagrams of strongly coupled double dots in
TBS, (a) the obtained chemical potentials by 3D-MHFKS cal-
culation for the confinement potential of N-dependent �ωN =

�ω0N
− 1

4 [13], �ω0 = 5 meV and (b) the measured ones [4].

The B-field dependence of the calculated chemical po-
tential of strongly coupled double dots in TBS are shown
in Figure 4 up to N = 10 and B = 10 T by compar-
ing with the measured ones in B–N phase diagram [4].
To make clear the characteristics of the phase transition
of the electronic structures depending on the B-field, it
is shown in Figure 5 how the occupied single particle en-
ergy levels depends on the magnetic field B for the case
of N = 10.

As can be seen in Figure 5, at the weak B-field region
up to B � 1.5 T, the occupied states are constructed by
the well-known Fock-Darwin (FD) states which are indi-
cated FD in Figure 4. After the last crossing of FD-states
and the lowest Landau levels at B � 1.5 T, the occupied

Fig. 5. B-field dependence of the occupied single particle
energy levels of strongly coupled double dots in TBS by
3D-MHFKS calculation for the case of electron number
N = 10 for the confinement potential of N-dependent

�ωN = �ω0N
− 1

4 [13], �ω0 = 5 meV. The open circled levels
are for the up-spin states and plotted by the differences from
the ground states of each magnetic field B. The pointed lev-
els are for the down-spin states and plotted by augmentation
of 5 meV for visualisation. The numbers in the figures show
the angular momentum of the occupied single particle levels.

states are almost composed of the lowest Landau levels
which are occupied with the filling factor ν = 2 up to
B � 3.0 T as is shown by symbol LL in Figure 4. In
the very narrow B-fields region from B � 3.0 T to 4.0 T,
the spin flip (SF) transitions occur and the filling fac-
tor ν decreases very rapidly from 2 to 1 of full spin po-
larized states. Then all electronic states with full spin-
polarization occupied by the lowest Landau levels appear
and form the so-called maximum density droplet (MDD)
in very narrow region from B � 4.0 T to 5.0 T. As
the B-fields are increased furthermore, the occupied sin-
gle particle levels begin to deviate from the normal an-
gular momentum sequence of the lowest Landau levels.
In fact the single particle states with the lower angular
momentums transfer to the excited states in order then
the states with larger angular momentum become to the
ground state in sequence. In this 3D-MHFKS calculation,
it is not identify whether the deviation from the normal
sequence of lowest Landau levels correspond the lower den-
sity droplet (LDD) or not.

4 Electronic structures of single dot in DBS

In single Q-dot, it had been verified that the wave func-
tions in the vertical direction are composed of the ground
state wave function with almost sine shape and the func-
tion weaken considerably the two-body Coulomb energy
of the two-dimensional limit.

For reproducing well the N -dependence of the mea-
sured addition energies of the single Q-dot in the mag-
netic field B = 0 T up to about N = 20 [1], we use the
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Fig. 6. B–N phase diagrams of single dot in DBS, (a) the ob-
tained chemical potentials by 3D-MHFKS calculation for the

confinement potential of N-dependent �ωN = �ω0N
− 1

4 [13],
�ω0 = 7 meV and (b) the measured ones [2].

N -dependent confinement �ωN = �ω0N
− 1

4 [13] of �ω =
7 meV in the 3D-MHFKS calculation.

The B-field dependence of the calculated chemical po-
tential in DBS are shown in Figure 6 up to N = 12 and
B = 10 T by comparing with the measured ones in B–N
phase diagram [2]. To exemplify the characteristics of the
phase transition of the electronic structures depending on
the B-field, it is shown how single particle energy levels
of single dot in DBS obtained by 3D-MHFKS calculation
changes with increasing the magnetic field B for the case
of N = 10 in Figure 7.

The characteristics differences of electronic structures
in between DBS and TBS can be understood by comparing
Figure 4 and Figure 6 in B–N phase diagram and also
Figure 5 and Figure 7 in the B-dependence of the occupied
single particle energy levels. Although all transitions in
DBS shift up about 0.5 T to stronger B-field region where
the transitions occur in TBS, the 3D-MHFKS calculation
obtained the almost similar B–N phase diagrams in both
dots in DBS and TBS which correspond well the measured
ones [2,4].

5 Conclusion

The 3D-MHFKS calculation are applied to the study of
the B-field dependent transition of electronic structures in
single dot and strongly coupled double dots and the char-
acteristics of the phase transition are clarified by showing
the B-dependence of the occupied single particle levels as
shown in Figure 5 and Figure 7.

In weak B-field region, the electronic states have the
properties of FD states. Next through the last crossing
of FD states to the LL levels as increasing B-field, the
electronic states are almost composed of the LL levels with
equi-partition of spin states.

The SF transitions occur rapidly in narrow B-field
width of about 1T and the electronic states are con-
structed by the LL levels of completely spin-polarized
states to form MDD. As the B-fields are strengthened

Fig. 7. B-field dependence of the occupied single particle en-
ergy levels of single dot in DBS by 3D-MHFKS calculation for
the case of electron number N = 10 for the confinement po-

tential of N-dependent �ωN = �ω0N
− 1

4 [13], �ω0 = 7 meV.
The pointed levels are for the down-spin states and plotted by
augmentation of 8 meV for visualisation. For others see the
caption of Figure 5.

furthermore, the occupied single particle levels begin to
deviate from the normal angular momentum sequences of
the LL levels and are expected to form LDD.
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